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ABSTRACT 

Comprehensive study of aircraft structural failures showed that the most prevalent 

failure is due to cracks originating from fastener holes, where stress concentration takes 

place. Stress intensity factors (SIFs) for these crack configurations are the prerequisite 

for evaluation of the critical crack sizes and fatigue lives of components during which 

the initial cracks would grow to the critical size. The computational efficiency for SIF is 

critical, since for every crack growth step, the crack size changes and so are the SIFs. 

Much work has been done to obtain SIFs of a single and double symmetric 3D cracks at 

riveted holes subjected to typical loadings. However, due to the complexity of the 

problem, limited work has been done for the SIFs of more general and complex case, 

eccentric and asymmetric surface and corner cracks, and combination of surface and 

corner cracks subjected to arbitrary load cases. These crack configurations are very 

common, but are too complicated to be analytically tackled. The SIF solution is still 

highly demanded for the damage tolerance analyses of various flaws at fastener hole. In 

this paper, the 3D slice synthesis weight function method (SSWFM) is further developed 

to calculate the 3D SIFs for such general and complex case. The resulting 3D SIFs are 

extensively compared to those obtained from FEM/Franc3D; very good agreement is 

achieved. However, the developed SSWFM is about 450 times faster than FEM/Franc3D 

in calculation of the 3D SIFs for the present complex crack geometry. It can be used to 

obtain 3D SIFs of most of the surface and surface-corner crack configurations from a 

hole in practical engineering, and would be useful for 3D fatigue crack growth analysis 

of rivet joint structures subjected to various load cases.  

 

Keywords: Weight function method, hole-edge crack, asymmetric and eccentric cracks, 

slice synthesis method, stress intensity factor 

 

 

1. INTRODUCTION 

 

The majority of aircraft structural failures are attributed to fatigue crack initiation and propagation 

from riveted joints [1-2]. The fatigue life spent by the growth of small three-dimensional (3D) cracks is 

very important for damage tolerance design. To predict fatigue crack growth life, commercial tools such 

as NASGRO [3] and AFGROW [4] have been developed and widely used in aerospace industry. Fatigue 

mailto:xuwu@sjtu.edu.cn


31st ICAF Symposium – Delft, 26-29 June 2023 

The 31st symposium of ICAF – the International Committee on Aeronautical Fatigue and Structural Integrity 

 

 

crack growth lives of a single and double symmetric 2D and 3D cracks at riveted holes subjected to 

typical loadings can be predicted by using these tools. However, it is difficult to deal with the 

asymmetric and eccentric 3D crack cases at riveted holes as shown in Fig.1. This is because stress 

intensity factors (SIFs) for two asymmetrical corner cracks, asymmetrical surface cracks, and also 

surface-corner cracks combination, are rarely available. The complexity of these crack configurations 

makes their SIF-solutions virtually intractable by analytical methods. Therefore, accurate and efficient 

methods of SIF-determination for engineering structures with complicated 3D crack geometries under 

various load cases are still highly desirable. 

 

There are very limited pure analytical SIF-solutions for 3D cracks, except for the case of an elliptical 

crack embedded in an infinite elastic solid. For complicated practical 3D crack problems, various 

numerical methods are often used, such as boundary element method [5], boundary integral equation 

method [6], finite element method (FEM) [7-9] and the X-FEM [10,11]. The well-known Newman-Raju 

[12-13] SIF-equations for a single and double symmetrical corner/surface crack at a circular hole were 

obtained by conducting a large amount of finite element analyses, and the Fawaz-Andersson p-version 

FE solutions using 100000-140000 degrees of freedom [14]. Grandt [15] obtained the SIFs of single 

surface crack under remote tension and crack face pressure using finite element alternating method 

(FEAM). To capture the stress singularity at the crack tip, singular elements were developed and have 

been widely used to improve SIF-accuracy [16]. With the classical FEM, very fine mesh is required to 

model the crack tip, which makes it hard and tedious to mesh 3D crack geometries. To alleviate such 

difficulty, special 3D crack mesh generators, for example Franc3D [17] were developed to automatically 

mesh the crack and post-processing the stress-strain-displacement field to obtain SIFs. For fatigue crack 

growth analysis, continuous re-meshing the cracked body for each crack size increment is required, 

which is very time-consuming. The X-FEM was originally proposed to overcome the requirement for 

re-meshing for modeling crack growth. Recent development of this method for modeling 3D crack 

growth can be found in [10,11]. 

 

As pointed out by McClung et al. [18], it is costly and impractical to use FEM for 3D fatigue crack 

growth analysis, for which hundreds and thousands of SIFs are need for different crack lengths and 

various load cases encountered in service. The weight function method (WFM) is powerful for 

calculating SIFs under arbitrary loading cases [18-29]. It has been widely used to calculate the SIFs 

since the early 1970s [19-20]. Recent reviews of the progress were given by Wu and Xu [22-24]. WFMs 

for through-thickness (2D) crack is now well developed, various weight functions are available in Refs. 

[21, 23, 29]. However, development and widespread engineering applications of WFMs for 3D crack 

problems is still an important research area. The point weight function methods (PWFMs) were 

developed by Orynyak et al. [27], and Wang and Glinka [28]. By introducing a fictitious symmetrical 

load, it was modified for semi-elliptical surface cracks in finite thickness plate with different aspect ratio 

of cracks by Jin et al. [30], Ghajar and Googarchin [31]. Recently, Guo et al. [32] obtained SIFs of 

quarter-elliptical single corner crack emanating from a circular hole by using this method. The PWFM 

for general 3D crack requires known reference SIFs under certain reference load cases by using 3D FE 

analysis, to determine the coefficients in the 3D crack-geometry-specific weight function. It is time-

consuming to obtain a large amount of reference SIFs by FE analyses of the present asymmetrical 

surface and corner cracks, since there are six geometric variables (al, ar, cl, cr, r, t) involved. Therefore, 

more efficient method is highly desirable. 

 

A slice synthesis weight function method (SSWFM), was developed by Zhao-Wu-Yan [33-34]. The 

method is based on a combination of the slice-synthesis technique that was first proposed by Fujimoto 

[35] and further developed and improved by Zhao et al. [33-34,36-39], and the 2D analytical WFM by 

Wu and Carlsson [21,40]. The basic idea of the SSWFM is to decompose the 3D crack model into two 

orthogonal slices with interaction shear stresses. The two orthogonal slices can be analyzed by using 

available 2D analytical weight functions [21,23]. This method has very high computational efficiency 

and no reference 3D-SIFs are needed, which is very advantageous for dealing with arbitrary 3D crack 

configurations. The SSWFM has been used to analyze a variety of 3D crack configurations, including a 

single and symmetric double corner and surface crack emanating at a circular hole and notch [34,36-

39,41-42]. Bakuckas [43] made a comparison of 3D SIFs for two symmetric corner cracks in a straight-
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shank hole, obtained by various numerical methods (including Franc3D, FEAM, DIM, FADD3D and 

GIL) and also the SSWFM, and concluded that SIFs from the SSWFM were within a narrow band of 3% 

about the average solution. Recently, closed form 2D weight functions of two unequal-length hole-edge 

cracks and eccentric crack were derived by Zhang et al. [44-46]. It was used as a basic slice to calculate 

SIFs of asymmetric double corner cracks at a circular hole by an improved SSWFM. Extensive 

comparisons to the literature data and numerical results by using FEM have shown that the SIFs obtained 

by using SSWFM are of high accuracy. 

 

In this paper, the improved SSWFM is further utilized to determine 3D SIFs for three types of new 

3D crack geometries: two asymmetric corner cracks, two asymmetric surface cracks and combination 

of surface-corner cracks at a circular hole in an infinite plate subjected to two typical load cases. The 

obtained 3D SIFs are verified by comparing to results from extensive FEM analysis. Solution accuracy 

of the improved SSWFM is confirmed.  
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Fig.1 General Surface and corner cracks at a cicular hole; (a) asymmetric corner cracks; (b) 

asymmetric and eccentric surface corner cracks; and (c) combination of surface and corner cracks. 

 

 

2. 3D SSWFM FOR ASYMMETRICAL CORNER, SURFACE AND SURFACE-

CORNER CRACKS 

 
The concept of SSWFM is to decompose the 3D crack problem into basic slice and spring slice of 

infinitesimal thickness [33,34]. Interaction between the slice-set is represented by the spring stress S(x,y). 

2D weight functions of these slices are used to calculate the crack opening displacement (COD) and 

further to determine the spring stress S(x,y). Once S(x,y) is obtained, the SIFs for each slices are 

computed using 2D WFM and used to compound the corresponding 3D SIFs at any point along the 

crack front. For the present asymmetric and eccentric hole-edge cracks shown in Fig.1, their slice-sets 

are different, and will be introduced in Sections 2.1-2.3, respectively. 

 

2.1 Two asymmetrical corner cracks 

 
A 3D crack configuration with asymmetric corner cracks originating from a circular hole is shown 

in Fig.2. 
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Fig.2. Slice model for two asymmetric corner cracks at a hole: (a) basic slice (hole-edge cracks); (b) 

spring slice (edge crack in a finite width sheet with lateral edges constrained). 

According to Zhao et at. [33], the 3D SIF at a given parametric angle φ, K(φ), is 

   ( ) ( ) ( ) ( )

1/4
4

4

2

1
, 1

1

nj

j cj yl yr aj xj

sj

E
K K c c K a

E




   
= + −  

−     

, j=l, r (1a) 

   2
1

1j

j j

s j

j

c
E E

a

 
= − 

− 
, aj/cj≤1;  

21j

j j

s j

j

c
E E

a

 
= −  − 

, aj/cj>1, j=l, r (1b) 

            ( )
1/2

1.65

1.0 1.464j j ja c  = +
  

, aj/cj≤1; ( )
1/2

1.65

1.0 1.464j j jc a  = +
  

, aj/cj>1         (1c) 

where φ is the parametric angle at a point along the crack front as shown in Fig. 1. The subscript ‘j’ 

represents left or right crack of the hole. E and Es are Young’s modulus of the basic slice and spring 

slice, cy and ax are crack length of basic slice and spring slice, respectively. η=0 for free surface and η=ν 

for points inside the body. n=2 for Ki>0 (i=a, c), otherwise n=1. Kc and Ka are SIFs of the basic and 

spring slices, which can be obtained by the 2D WFM Eqs.(2a) and (2b), respectively. 
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where σl(x,y) and σr(x,y) is the stress distribution at the crack location in the un-cracked body subjected 

to external load. mc is the 2D weight function of a single hole-edge crack (see slice 1 in Fig.2) or two 

unequal-length hole-edge cracks in an infinite sheet (see slice 2 in Fig.2). The former is available in [21], 

while the latter is derived by the present writer in [44]. ma is weight function of the edge crack in the 

spring slice dependent with boundary constraint ka. It is between the weight functions of a single edge 

crack mse and double symmetrical collinear edge cracks mde in a finite plate corresponds to ka=0 and 

ka=∞, respectively [21]. With the weight functions for these two limiting conditions, the 2D weight 

functions for the spring slice is determined by Eq.(3) in the original SSWFM. 

       ( )( )a de a se dem m T k m m= + −  (3) 
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where, the transition factor T(ka) varies between zero and unity, representing the transition from the 

fixed boundary condition to the free boundary condition [33]. For the present case of infinite plate, T(ka) 

is zero according to Zhao et al. [33].  

 

The spring force S(x, y) in Eq.(2) represents the interaction between the slices. It can be determined 

by the displacement compatibility condition, i.e., the displacements from the basic and spring slices at 

a point on the 3D crack surface should be identical. Using the 2D WFM, the CODs for the two sets of 

slices can be determined by 
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According to the displacement compatibility Uaj=Ucj, the governing equation for the spring force Sl(x,y) 

and Sr(x,y) is given by 
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Once Sl(x,y) and Sr(x,y) are determined by solving Eq.(5), the SIFs for the 3D crack can be obtained 

by Eqs. (1-2), subsequently. It is noteworthy that for large cracks (i.e. long and deep with c/r>1.0, 

a/t>0.6), T(ka)=0 is over constrained, and it may affect the solution accuracy. Furthermore, it is also 

noted that the solution accuracy tends to decline for deep cracks (larger a/t). To overcome this problem, 

an effective but simple technique is proposed herein. Both the weight functions for a single edge crack 

(free of constrain, T(ka)=1) and double symmetrical collinear edge cracks (fixed, T(ka)=0) are used for 

ma in Eqs.(2b) and (4a) and (5) to calculate the SIFs separately, giving to two sets of SIFs for the two 

limiting conditions: KT(k
 

a)=0 and KT(ka)=1. By taking the average of the two sets of SIFs, the resulting K 

becomes 

       
( ) ( )( )0 1

2
a aT k T k

K K K
= =

= +  (6) 

 

2.2 Eccentric and asymmetric surface cracks 

 
A 3D crack configuration with two eccentric and asymmetric semi-elliptical surface cracks with 

different eccentricity el/t, er/t originating from a circular hole is shown in Fig.1(b). The cracked body is 

divided into two series of orthogonal slices of infinitesimal thickness in the xz and yz planes. The 

mechanical coupling between these slices is represented by the spring stress S(x,y). For an interested 

point on the crack front, the basic slice and corresponding spring slice are shown in Fig.3. The basic 

slice shown in Fig.3(a) is either a single or two hole-edge cracks in an infinite sheet subjected to external 

load and spring stress S(x,y). While, the spring slice is an eccentrical crack in a finite width sheet 

subjected to S(x,y) only as shown in Fig.3(b). The lateral edges are constrained to simulate the effect of 

the restraint due to the uncracked body outside the region occupied by the spring slice. 
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Fig.3. Slice model for two eccentric surface cracks at a hole: (a) basic slice (hole-edge cracks); (b) 

spring slice (eccentric crack in a finite width sheet with lateral edges constrained). 

The SSWFM introduced in Section 2.1 can also be applied to calculate the 3D SIFs of the asymmetric 

surface cracks as shown in Fig.1(b). The difference is that, a constrained eccentric crack in a finite sheet, 

is used to model the surface crack [46], the weight function for an eccentric crack in a finite width sheet 

with constrained edges shown in Fig.3b is derived by the present writer [46]. 

 
For the present eccentric surface crack, a large number of discrete points (63 points) on each crack 

surface shown in Fig.4 are used to determine the coefficients χn and χk. The normalized coordinates were 

given in [46]. Substituting the location (x, y) into Eq.(5), 126 displacement compatibility equations will 

be obtained. The coefficients χn (n=1~14) and χk (k=1~14) of Sl(x,y) and Sr(x,y) for both crack surfaces 

can be solved by using the least square method. Subsequently, the 3D SIFs are determined by Eqs.(1,2,5). 
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Fig.4. COD-compatibility points on surface crack: (a) left surface crack; (b) coordinate systems of 

hole-edge surface crack; (c) right surface crack. 

 

2.3 Eccentric surface and corner cracks 

 
For the 3D SIFs of the combination of an eccentrical semi-elliptical surface crack and a quarter-

elliptical corner crack as shown in Fig.1(c). The only difference is that one more type of spring slice, a 

constrained edge crack in a finite sheet, is used to model the corner crack [45,46]. The construction of 

the basic and spring slice-sets is shown in Fig.5. The weight function of the constrained edge crack 
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shown in Fig.5(b) can be approximated either by the weight function of an edge crack mse or by that of 

double edge cracks mde, which are available in Refs. [21].  
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Fig.5. Slice model for surface/corner cracks at a hole: (a) basic slice (unequal-length hole-edge cracks); 

(b) spring slice (eccentric crack with constrained edges; edge cracks with elastic constraint). 

 

 

3. APPLICATION AND VERIFICATION OF SSWFM  

 
The non-dimensional SIF of the corner cracks is defined by  

 

i

K
f

S a


=  (7) 

where, K is the SIF of from Eq. (1), a is the crack depth, Si is the stress induced by applied load. The 

subscript i (i=t, b and w) represents the load type, St=S for remote tension, Sb=3M/Wt2 for out of plane 

bending, Sw=P/(2rt) for wedge loading, where P is the total applied force (unit thickness) in z-direction 

over the arc from θ=0 to π, and σn=3P/(4rt)·cos2(θ) refer to [12] in Fig. 6c. The SIFs determined by 

using SSWFM will be verified by the results from FEM. 
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Fig. 6 Asymmetric corner crack configuration subjected to three typical loads: (a) remote tension; (b) 

out of plane bending; (c) wedge loading. 
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3.1 3D finite element model 

 
To obtain highly accurate SIFs, special software Franc3D [17] is used to mesh the corner cracks. A 

typical FE model is shown in Fig.7, where very fine collapsed quarter-point singular elements around 

crack front are used to characterize the stress singularity. The 20-noded hexahedral elements are adopted 

elsewhere. The total number of elements is about 95,000. The FE model generated by Franc3D is then 

submitted to ABAQUS/Standard to solve the displacement/strain/stress fields, which will be post-

processed by Franc3D to determine SIFs using M-integral [47]. 
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Fig. 7 Typical FE mesh for two corner cracks modeled by using Franc3D. 

 

3.2 3D SIFs for asymmetric corner cracks 

 
The SIFs for two asymmetric cracks subjected to three typical load cases shown in Fig.10 are 

calculated by using the present SSWFM analysis. Results for three typical crack configurations under 

remote tension are shown in Fig.8a-d. In Fig.8a-c, the SIFs for both crack fronts are provided. Only the 

SIFs for the small crack is given in Fig.8d. Also shown in these figures are the results from Franc3D. 

The differences are mostly within 5%. For some cases, the differences in a small region near the plate 

surface (φ=0) is somewhat larger (Fig. 8c). To show the interactions between the corner cracks, the SIFs 

of a single corner crack are compared in Fig.8d. The influence of the large corner cracks on the SIF of 

the small crack is obvious as shown in Fig. 8d. It cannot be neglected for fatigue crack growth prediction, 

since most of the fatigue life is consumed in the small crack growth stage. Therefore, the present 

SSWFM can improve the accuracy of fatigue crack growth life prediction for two asymmetric hole-edge 

corner cracks. 
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Fig. 8 SIFs of two asymmetrical corner cracks at a hole under remote tension (r/t=1): (a) al/t=0.2; 

cl/r=1.0; ar/t=0.6; cr/r=0.2; (b) al/t=0.6; cl/r=0.2; ar/t=0.8; cr/r=0.4; (c) al/t=0.2; cl/r=0.6; ar/t=0.6; 

cr/r=1.2; (d) effect of the large corner crack on the SIF of the small crack. 

 

3.3 3D SIFs for asymmetric and eccentric surface cracks 

 
The SIFs for two eccentric and asymmetric surface cracks subjected to the three typical load cases 

are calculated by using the present SSWFM. For remote tension, the SIFs for four quite different crack 

configurations with different combination of crack size and eccentricity are shown in Fig.9(a-d) 

represented by the solid (left crack) and dashed (right crack) lines. For comparison, FE analysis are 

conducted, the corresponding SIFs are also shown in Fig.9 denoted by the square symbols. It is observed 

that the SIFs obtained from SSWFM and FEM/Franc3D are in good agreement.  The relative difference 

is within 8% for most cases, the local maximum is less than 13%. SSWFM is a simplified model to 

decompose the complex 3D crack problem into a superposition of two 2D crack problems. The well-

known boundary layer effect would also affect the accuracy of the SIFs near free surface. The difference 

between the present SSWFM and Franc3D may be due to the assumption of SSWFM and the boundary 

layer effect discussed in the previous literature [34]. 
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Fig.9. SIFs of two eccentric and asymmetric surface cracks under remote tension (r/t=1): (a) cl/r=0.4, 

al/cl=1.25, el/t=0.3, cr/r=0.3, ar/cr=4/3; (b) cl/r=0.4, al/ cl =1.25, el/t=0.3, cr/r=0.2, ar/cr=1, er/t=0.2; (c) 

cl/r=0.2, al/cl=1, el/t=0.2, cr/r=1.0, ar/cr=0.5, er/t=0.3; (d) cl/r =1.0, al/cl=0.6, el/t=0.2, cr/r=1.5, ar/cr=8/15. 

 

3.4 3D SIFs for corner-surface cracks 

 
A combination of a surface-corner crack is a common crack configuration. The SIFs for different 

surface-corner cracks subjected to the three typical load cases are calculated by the present SSWFM. 

For the remote tension, the SIFs of the surface and corner cracks obtained from SSWFM are denoted by 

the solid and dashed lines, respectively, in Fig.10. For comparison, also shown in Fig.10 are the results 

from FEM/Franc3D represented by the square symbol. For the surface crack, the SIFs obtained from 

SSWFM and FEM/Franc3D are in good agreement, the relative difference is within 6% for most cases. 

The differences are somewhat larger near the plate surface (φ=0), with the maximum of 17% for the 

combination of big surface and corner cracks shown in Fig.10(d). For the corner crack, the relative 

difference of the SIFs obtained from SSWFM and FEM/Franc3D is generally less than 8%. 
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Fig.10. SIFs of surface-corner cracks under remote tension (r/t=1): (a) cl/r =0.4,al/cl=1.25, el/t=0.3, 

cr/r=0.4, ar/cr=1; (b) cl/r=0.2, al/cl=3, el/t=0.3, cr/r=1, ar/cr=0.3; (c) cl/r=1, al/cl=0.4, el/t=0.2, cr/r=0.4, 

ar/cr=2; (d) cl/r=1.5, al/cl=0.4, el/t=0.3, cr/r=1.2, ar/cr=1. 

 

 

4. DISCUSSIONS 

 
For every fatigue crack growth step, the crack geometry will be changed and so are the SIFs. A very 

large amount of SIFs are needed to predict the fatigue crack growth lives from a small 3D crack to the 

critical crack size. Therefore, computational efficiency for 3D SIFs is of crucial importance. FEM is 

very powerful for calculation of 3D SIFs of complex crack geometries. However, since the 3D crack 

size is usually small and there is a high stress gradient at the crack tip, it is very cumbersome to mesh a 

3D cracked body. To alleviate this difficulty, professional software, such as Franc3D, has been 

developed to mesh the crack and to abstract the stress/strain/displacement field to calculate the SIF. 

With the help of the advanced software, high quality finite element model can be obtained. In addition, 

the modeling time is significantly reduced. Even so, it takes about 25 minutes to create the finite element 

model shown in Fig.9 by using Franc3D, and 5 minutes to complete the analysis by ABAQUS/Standard, 

respectively (PC: Intel(R) Core (TM) i7-8700 CPU @ 3.20GHz). In contrast, it needs merely about 4 

seconds to calculate the SIFs of the surface cracks or surface-corner cracks by using the present SSWFM. 

This means that, the present SSWFM is about 450 times faster than FEM/Franc3D in calculation of 3D 

SIFs. 
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The PWFMs are alternative methods for calculation of the 3D SIF [30-32]. In the determination of the 

PWF, a large amount of reference 3D SIFs for the crack configuration are need to calibrate the correction 

coefficients in the PWF-expression. FEM is usually used to obtain the reference 3D SIFs. For the present 

eccentric and asymmetric surface cracks, there are too many geometry variables involved, which 

requires huge computational resource and therefore becomes impractical. However, for the present 

SSWFM, no reference 3D SIF-solutions are needed, only 2D weight functions are required, which are 

available for most common through-thickness crack configurations or can be easily derived by using the 

displacement-based WFM in Refs. [21]. In general, the results by the present SSWFM have good 

agreement with FEM/Franc3D, the difference of the two methods are mostly within 8%. Therefore, the 

present SSWFM is superior to PWFMs for the present eccentric and asymmetric hole-edge 

surface/corner cracks. 

 

 

5. CONCLUSIONS 

 
The weight function of complex 2D crack configuration was derived by the present author, with the 

present 2D weight functions, the SSWFM for two asymmetric corner cracks, surface cracks and corner-

surface crack at a hole is established. SIFs for asymmetric corner cracks, surface cracks and corner-

surface cracks at a hole under typical loading are determined using the present SSWFM. The obtained 

SIFs agree well with those from FE analysis based on Franc3D, most of the differences are less than 

10%. 

 

The present SSWFM is much more efficient than PWFM and FEM in calculation of the SIFs of 

asymmetric cracks at a hole. It is about 500 times faster than Franc3D in calculation of SIFs, and 

therefore will significantly enhance fatigue crack growth analysis capability for engineering structures 

with circular hole. 
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